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Abstract. For a Lagrangian torus A in a simply-connected projective symplectic
manifold M , we prove that M has a hypersurface disjoint from a deformation of
A. This implies that a Lagrangian torus in a compact hyperka¨hler manifold is a
fiber of an almost holomorphic Lagrangian fibration, giving an affirmative answer
to a question of Beauville’s. Our proof employs two different tools: the theory of
action-angle variables for algebraically completely integrable Hamiltonian systems
and Wielandt’s theory of subnormal subgroups.
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1. Introduction
The goal of this paper is to prove the following. See Definition 6.3 for the termi-
nology.
Theorem 1.1. LetM be a simply-connected projective manifold with a (holomorphic)
symplectic form and let A ⊂ M be a Lagrangian torus. Then M has a hypersurface
disjoint from a deformation of A.
Recall that a simply-connected compact Ka¨hler manifold with a (holomorphic)
symplectic form ω is called a compact hyperka¨hler manifold if H0(M,Ω2M ) = Cω
(cf.[Hu]). One central problem in compact hyperka¨hler manifolds is to find a good
condition for the existence of holomorphic or almost holomorphic fibrations on a com-
pact hyperka¨hler manifold. In the survey [Be] of problems in hyperka¨hler geometry,
Beauville asked whether the existence of a Lagrangian torus in M gives rise to such
a fibration (Question 6 in [Be]). As observed by Greb-Lehn-Rollenske (Corollary 5.6
of [GLR]), Theorem 1.1 implies the following, which gives an affirmative answer to
Beauville’s question.
Theorem 1.2. Let A ⊂M be a Lagrangian torus in a compact hyperka¨hler manifold.
Then there exists a meromorphic map f : M 99K B dominant over a projective variety
B, such that on a nonempty Zariski open subset Mo ⊂ M with A ⊂ Mo, f |Mo is a
proper smooth morphism and A is a fiber of f .
The deduction of Theorem 1.2 from Theorem 1.1 is a combination of a number
of prominent results in hyperka¨hler geometry, in particular, [COP] and [Vo], as well
as the standard hyperka¨hler machinery ([Hu]). We will not discuss this deduction,
referring the reader to [GLR].
Jun-Muk Hwang is supported by National Researcher Program 2010-0020413 of NRF and MEST,
and Richard M. Weiss is partially supported by DFG Grant KR 1669/7-1.
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Our proof of Theorem 1.1 uses completely different ideas and requires little knowl-
edge of hyperka¨hler geometry. There are two crucial ingredients in our proof, one
geometric and one algebraic. It is easy to see that deformations of a Lagrangian torus
A ⊂ M give rise to a multi-valued holomorphic foliation on a Zariski open subset
in M . If this foliation is univalent, Theorem 1.1 is easily obtainable. Thus the key
issue is how to deal with the multi-valuedness. To handle this difficulty, we are going
to study the monodromy action of this multi-valued foliation (cf. Definition 3.6).
The main geometric ingredient, Proposition 6.6, of our proof is the integrability of
the local distribution given by a pair of sheets of the multi-valued foliation. This is
established by means of the theory of action-angle variables for completely integrable
Hamiltonian systems (see, e.g., [GS], Section 44). This ‘pairwise integrability’ gives
some restrictions on the monodromy action, which is an action of a finite group on a
finite set. However, these restrictions on the monodromy action do not immediately
give us a solution of the problem. It turns out that a non-trivial result on the ac-
tions of finite groups on finite sets is required. This is our key algebraic ingredient,
Theorem 2.4. Logically speaking, it belongs to abstract group theory, independent
of geometry. Its proof uses Wielandt’s work on subnormal subgroups ([Wi]) and may
be of independent interest.
Acknowledgment When we first started working on Beauville’s question (Theorem
1.2), it was Keiji Oguiso who told us that it could be reduced to proving Theorem
1.1. We would like to thank him for this information and encouragement.
Conventions
1. Throughout the paper, a manifold is always connected, unless stated otherwise.
A variety may have finitely many irreducible components. A projective manifold is
a nonsingular irreducible projective variety.
2. When we say an open set, we mean it in the classical topology. An open set in
Zariski topology will be called a Zariski open set.
3. For a projective subvariety A in an algebraic variety M , [A] ∈ Hilb(M) denotes
the point of the Hilbert scheme determined by A. We abuse the term ‘deformation’
as follows. A deformation of A means a subvariety of M corresponding to a point in
an irreducible Zariski open subset containing [A] in Hilb(M). A small deformation
of A means a subvariety of M corresponding to a point in a classical neighborhood
(or the germ) of [A] in Hilb(M).
2. A result on actions of finite groups on finite sets
This section is devoted to the study of certain actions of finite groups. The content
of this section will be used only at the very end of Section 6, where we use Theorem
2.4 to complete the proof of Theorem 1.1.
Definition 2.1. A subgroup H of a group G is subnormal in G if there exist a
natural number ℓ and a chain of subgroups
H = Fℓ ⊂ Fℓ−1 ⊂ · · · ⊂ F1 ⊂ F0 = G
such that Fi is normal in Fi−1 for all i = 1, 2, . . . , ℓ.
Our main tool is the following result of Wielandt proved in Satz 2 of [Wi]. See
6.7.4 of [KS] for a particularly beautiful proof.
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Theorem 2.2. Let G be a finite group. For a subgroup H ⊂ G and g ∈ G, de-
note by 〈H, gHg−1〉 the subgroup generated by H and gHg−1. If H is subnormal in
〈H, gHg−1〉 for all g ∈ G, then H is subnormal in G.
Definition 2.3. We will consider triples (X,G,H) consisting of a finite set X , a finite
group G acting on X transitively, and a normal subgroup H ⊳ Gx of the stabilizer
Gx of a distinguished point x ∈ X . Given such a triple and an element y ∈ X ,
define Hy := gHg
−1, where g ∈ G is an element such that y = g · x. Since H is a
normal subgroup of Gx, Hy is independent of the choice of g. Given a subset Y ⊂ X ,
say, Y = {y1, . . . , ym}, denote by |Y | the cardinality m of Y and denote by 〈Y 〉, or
〈y1, . . . , ym〉, the subgroup of G generated by ∪y∈YHy. For example, H = 〈x〉. A
triple (X,G,H) will be called trivial if |X| = 1. A triple (X,G,H) will be called
special if the following two conditions are satisfied.
(1) 〈X〉 acts transitively on X .
(2) For any two distinct elements y 6= z ∈ X , y and z are not in the same
〈y, z〉-orbit.
Our result is the following.
Theorem 2.4. There are no non-trivial special triples.
Proof. Suppose that there exists a special triple (X,G,H) with |X| > 1. Choose one
such (X,G,H) with minimal possible |X| > 1 and among those with minimal |X|,
one with minimal |G|. If (X,G,H) is a special triple, then so is (X, 〈X〉, H). By the
minimality of |G|, we have G = 〈X〉.
Lemma 2.5. There is no normal subgroup N ⊳ G such that H ⊂ N 6= G. In
particular, H is not a subnormal subgroup of G.
Proof. Assume the contrary and choose such a normal subgroup N . Then for any
g ∈ G,
gHg−1 ⊂ gNg−1 = N.
Thus Hy ⊂ N 6= G for all y ∈ X . This contradicts 〈X〉 = G. 
Lemma 2.6. For a subgroup F ⊂ G, let F · x denote the F -orbit containing x and
let F ◦ = 〈F · x〉. Suppose that F is a proper subgroup of G containing H. Then
H ⊂ F ◦ ⊳ F and either F ◦ 6= F or H = F ◦ = F .
Proof. By definition, F ◦ is generated by {fHf−1, f ∈ F}. Since H ⊂ F , we have
H ⊂ F ◦ ⊳ F .
Suppose that F ◦ = F . Then F ◦ acts transitively on F · x and F = 〈F · x〉. This
implies that (F · x, F,H) is a special triple. If |F · x| 6= 1, then, by the minimality
assumption, F · x = X implying
F = F ◦ = 〈F · x〉 = 〈X〉 = G,
a contradiction. Thus |F · x| = 1, which implies
F = F ◦ = 〈F · x〉 = 〈x〉 = H.

Now we derive a contradiction as follows. Pick any y 6= x ∈ X . Define F1 := 〈x, y〉.
By Definition 2.3 (2), x and y are in two different F1-orbits. This implies that
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H ⊂ F1 6= G. If H = F1, we stop here. If H 6= F1, an application of Lemma 2.6,
gives F2 := F
◦
1 satisfying
H ⊂ F2 ⊳ F1
with F2 6= F1. If H = F2, we stop. Otherwise, we can repeat the process to get
F3 = F
◦
2 satisfying
H ⊂ F3 ⊳ F2 ⊳ F1
with F3 6= F2. Repeating this, we get a natural number ℓ and a sequence of subgroups
H = Fℓ ⊳ Fℓ−1 ⊳ · · ·⊳ F2 ⊳ F1
such that Fi is a proper normal subgroup of Fi−1 for each i. Thus H is subnormal
in F1 = 〈x, y〉 for any choice of y. In other words, H is subnormal in 〈H, gHg−1〉 for
any g ∈ G. By Wielandt’s Theorem, H is subnormal in G. This is a contradiction
to Lemma 2.5. 
3. Webs of submanifolds
As explained in the introduction, our main object of study is a multi-valued folia-
tion on a projective manifold arising from deformations of an algebraic submanifold.
It is convenient to introduce the following to describe such a multi-valued foliation.
Definition 3.1. Let M be a projective manifold. A web of submanifolds on M is the
following data, to be denoted by W = [µ : U →M, ρ : U → K].
(1) A generically finite surjective morphism µ : U → M from a projective mani-
fold U .
(2) A projective morphism ρ : U → K with connected fibers onto a projective
manifold K with a Zariski open subset Kbihol ⊂ K such that for each a ∈ Kbihol,
(i) ρ−1(a) is smooth;
(ii) µ|ρ−1(Oa) : ρ
−1(Oa)→ µ(ρ−1(Oa)) is biholomorphic for some open neigh-
borhood Oa of a in Kbihol;
(iii) µ(ρ−1(b)) 6= µ(ρ−1(a)) if b ∈ K, b 6= a.
For a point a ∈ Kbihol, the submanifold µ(ρ−1(a)) in Z is called a member of the web
W.
We skip the proof of the following easy proposition.
Proposition 3.2. Given a web W = [µ : U →M, ρ : U → K] of submanifolds, there
exists a nonempty Zariski open subset M et ⊂M such that
U et := µ−1(M et) ⊂ ρ−1(Kbihol)
and µ|Uet : U et →M et is e´tale.
Notation 3.3. In the setting of Proposition 3.2, let d be the degree of µ. For y ∈ M et,
write µ−1(y) = {y1, . . . , yd} and I = {1, . . . , d}. For each i ∈ I, we set
Aiy := µ(ρ
−1(ρ(yi))).
For each pair (i, j) ∈ I×I, let Aiyj be the irreducible component of µ
−1(Aiy) containing
yj. This notation is not very precise, because it involves an ordering of µ
−1(y). But
this should not cause confusion, because it will be applied to a given point x ∈ M et
and points y in a sufficiently small neighborhood of x where we can always fix an
ordering of µ−1(y) in a uniform manner.
We recall the following standard topological fact.
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Lemma 3.4. Let ρ : U → K be a proper morphism between projective manifolds
with connected fibers. Let E ⊂ U be a proper subvariety. Then there exists a proper
subvariety B ⊂ K such that the restriction ρ′ of ρ to the complement of B and E , i.e.,
ρ′ : ρ−1(K \ B) \ E → K \ B,
is locally differentiably trivial over the base in the sense of [CMP] Theorem 4.1.2.
Proof. By Ehresman’s Theorem ([CMP] Theorem 4.1.2) it suffices to prove that ρ′
is evenly submersive in the sense of [CMP], p. 133. Replacing U by a log-resolution
of (U , E), we may choose a Zariski open K1 ⊂ K such that E1 := ρ
−1(K1) ∩ E is
the union of smooth hypersurfaces with simple normal crossing and the restriction
of ρ on each component of E1 and each intersection stratum of the components is a
smooth morphism. In other words, E1 ⊂ ρ−1(K1) is relatively simple normal crossing
with respect to ρ. In particular, for a given point x ∈ K1 and y ∈ ρ−1(x), there exists
a neighborhood Ox of x in K1 and a neighborhood Uy of y in ρ−1(Ox) such that
1. there exists a biholomorphic map h : Uy →W ×Ox, where W is a domain in
Cn, n = dimU − dimK,
2. ρ′|Uy = p2 ◦h, where p2 : W ×Ox → Ox is the projection to the second factor,
and
3. h(E ∩ Uy) is the product of a simple normal crossing hypersurface in W and
Ox.
From the compactness of E ∩ ρ−1(x), finitely many of such neighborhoods Uy cover
E . Thus we can fix the neighborhood Ox for all y ∈ ρ−1(x). Now if we choose B to
be the complement K \ K1, then the corresponding ρ′ is evenly submersive. 
Proposition 3.5. In the setting of Proposition 3.2, there exists a proper subvariety
C ⊂ K containing K \ Kbihol such that the restriction of ρ to U et \ ρ−1(C) is locally
differentiably trivial over K\C and the morphism µ gives an embedding of ρ−1(a)∩U et
into M et for each a ∈ K \ C.
Proof. Let E ⊂ U be µ−1(M \M et) and apply Lemma 3.4 to obtain B ⊂ K. Setting
C = B ∪ (K \ Kbihol), we have the result. 
Definition 3.6. In the setting of Proposition 3.5, define Mo :=M
et \µ(ρ−1(C)). Fix
a point x ∈Mo. Let X be the finite set µ−1(x) = {x1, . . . , xd} using Notation 3.3, and
let SX be the symmetry group on X . The e´tale cover U et → M et induces a natural
homomorphism
α : π1(M
et, x)→ SX
whose image will be denoted by G. By the connectedness of U et, G acts transitively
on X . For each 1 ≤ i ≤ d, let Hi ⊂ G be the image of the homomorphism
α ◦ λi : π1(A
i
x ∩M
et, x)→ SX ,
where
λi : π1(A
i
x ∩M
et, x)→ π1(M
et, x)
is induced by the inclusion Aix ⊂M .
Proposition 3.7. In Definition 3.6, for all 1 ≤ i ≤ d, denote by Gi ⊂ G the isotropy
subgroup of xi ∈ X. We have Gi = giG1g
−1
i and Hi = giH1g
−1
i for any gi ∈ G with
gi · x1 = xi and Hi is a normal subgroup of Gi.
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Proof. Choose g′i ∈ π1(M
et, x) with α(g′i) = gi. Let
γi : [0, 1]→ U
et
be a path representing g′i, i.e.,
γi(0) = x1, γi(1) = xi and the class of µ ◦ γi belongs to g
′
i.
Since X ∩ ρ−1(C) = ∅, we can assume that γi([0, 1]) is disjoint from ρ−1(C). Set
ct := ρ(γi(t)) ∈ K \ C. Then the family
{µ(ρ−1(ct)) ∩M
et, t ∈ [0, 1]}
is locally differentiably trivial with
µ(ρ−1(c0)) ∩M
et = A1x ∩M
et and µ(ρ−1(c1)) ∩M
et = Aix ∩M
et.
Therefore, given a closed path
β0 : [0, 1]→ A
1
x ∩M
et, β0(0) = β0(1) = x
representing an element of
π1(µ(ρ
−1(c0)) ∩M
et, x) = π1(A
1
x ∩M
et, x),
we can find a continuous family of closed paths{
βt : [0, 1]→ µ(ρ
−1(ct)) ∩M
et, βt(0) = βt(1) = µ(γi(t)), t ∈ [0, 1]
}
.
Thus in M et, β0 is homotopic to
(µ ◦ γi)
−1 · β1 · (µ ◦ γi)
for some closed path β1 based at x representing an element of π1(A
i
x ∩M
et, x). This
implies that
[β0] = (g
′
i)
−1 · [β1] · g
′
i in π1(M
et, x),
proving Hi = giH1g
−1
i . Setting i = 1, we conclude that H1 is normal in G1. Therefore
Hi = giH1g
−1
i is normal in giG1g
−1
i = Gi for all i. 
Definition 3.8. Let f :M ′ →M be a generically finite surjective morphism between
two irreducible nonsingular varieties. Given an irreducible subvariety A ⊂ M , we
say that f splits over A if for each irreducible component A′ of f−1(A) satisfying
f(A′) = A, the restriction f |A′ : A′ → A is birational.
Proposition 3.9. In Definition 3.6, denote by H ⊂ G the subgroup generated by
H1, . . . , Hd. Assume that H does not act transitively on X. Then there exists a
projective manifold M ′ and a generically finite surjective morphism f : M ′ → M
which is not birational and splits over µ(ρ−1(a)) for a general a ∈ K.
Proof. Put Uo := µ−1(Mo), whereMo is as in Definition 3.6. Given two point u, v ∈ Uo
with µ(u) = µ(v), write u ∼ v if the following holds: there exist a point w ∈ Uo
with µ(w) = µ(u) = µ(v) and an irreducible component of µ−1(µ(ρ−1(ρ(w))) ∩M et)
containing both u and v. Now let ≈ be the equivalence relation on Uo generated by
∼. In other words, two points u and v are equivalent, u ≈ v, if there exists an integer
ℓ ≥ 1 and a sequence of points in Uo
u = u1, u2, . . . , uℓ−1, uℓ = v
such that ui ∼ ui+1 for each 1 ≤ i ≤ ℓ − 1. Over a Zariski open subset M1 ⊂ Mo,
this gives an e´tale equivalence relation, i.e., the equivalence classes on U1 := µ−1(M1)
determine an e´tale factorization U1 → M
′
1 → M1 of µ|U1. From the definition of the
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equivalence relation, the e´tale morphism M ′1 → M1 splits over µ(ρ
−1(a)) ∩Mo for a
general a ∈ K.
We claim that M ′1 → M1 is not bijective if H does not act transitively on X =
µ−1(x), x ∈ M1. To see the claim, note that for two point xi, xj ∈ X , xi ∼ xj if
and only if Akxi = A
k
xj
for some k ∈ I = {1, . . . , d}, using Notation 3.3. The latter
is equivalent to xj = Hk · xi for some k. Thus the equivalence classes of ≈ in X are
just the orbits of the group H. This proves the claim.
Since the equivalence relation ≈ on U1 is an algebraic equivalence relation, we have
a generically finite morphism f : M ′ →M compactifying M ′1 →M1 and a dominant
rational map q : U 99KM ′ satisfying µ = f ◦ q. By the assumption that the group H
does not act transitively on X and the previous claim, we see that f is not birational.
By the definition ofM ′, we know that f splits over µ(ρ−1(a)) for a general a ∈ K. 
Proposition 3.10. Let W = (µ : U → M, ρ : U → K) be a web of submanifolds on a
projective manifold M . Let f : M ′ → M be a generically finite surjective morphism.
Assume that f splits over µ(ρ−1(a)) for a general a ∈ K. Then µ(ρ−1(a)) is disjoint
from the reduced branch divisor D ⊂M of the morphism f .
Proof. Suppose that µ(ρ−1(a)) has non-empty intersection with D. By the generality
of a ∈ K, we can assume that µ(ρ−1(a)) passes through a general point y of an
irreducible component of D and the divisor D′ := D ∩ µ(ρ−1(a)) on µ(ρ−1(a)) is
smooth at y. Pick a ramification point z ∈ M ′ with f(z) = y. Then near z, the
morphism is locally analytically equivalent to a cyclic branched covering of degree
≥ 2. Pick an irreducible curve C ⊂ µ(ρ−1(a)) such that C intersects D′ transversally
at y. Then f−1(C) has an irreducible component C ′ through z such that C ′ → C is
locally a cyclic branched covering near z of degree ≥ 2. The irreducible component
of f−1(µ(ρ−1(a))) containing z cannot be birational over µ(ρ−1(a)) because it must
contain C ′ and we can choose C to pass through any general point of µ(ρ−1(a)). This
contradicts the assumption that f splits over µ(ρ−1(a)). 
4. Pairwise integrable webs of submanifolds
The term ‘web’ in the previous section has its origin in ‘web geometry’ in differential
geometry. In this section, we need to view a web from this original viewpoint of local
differential geometry. To be precise, we introduce the following definition.
Definition 4.1. Let U be a complex manifold. A regular web on U is a finite number
of integrable subbundles
W i ⊂ T (U), i ∈ I := {1, 2, . . . , d}
for some integer d ≥ 1 such that for any pair (i, j) ∈ I×I, the intersectionW i∩W j ⊂
T (U) is also a subbundle. This implies that the sum W ij = W ji ⊂ T (U) with fiber
at x ∈ U
W ijx := W
i
x +W
j
x ⊂ Tx(U)
is a subbundle of rank rk(W i) + rk(W j) − rk(W i ∩W j). A regular web is pairwise
integrable if for any pair (i, j), W ij =W ji is integrable.
Remark 4.2. We are interested in local differential geometry of a regular web. So
we will assume that all leaves of integrable distributions are closed in the complex
manifold U .
The following three lemmata are immediate.
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Lemma 4.3. Let U be a complex manifold and let {W i ⊂ T (U), i ∈ I} be an arbitrary
finite collection of integrable subbundles of T (U). Then there exists a nonempty
Zariski open subset U ′ ⊂ U such that the restriction {W i|U ′, i ∈ I} defines a regular
web on U .
Lemma 4.4. Let {W i, i ∈ I} be a regular web on a complex manifold U . Given a
connected open subset U ′ ⊂ U , the restriction {W i|U ′, i ∈ I} is a regular web on U ′.
If {W i|U ′, i ∈ I} is pairwise integrable for some nonempty U ′ ⊂ U , then {W i, i ∈ I}
is also pairwise integrable.
Lemma 4.5. Given a regular web {W i, i ∈ I} on a complex manifold U and a point
x ∈ U , denote by Lix the leaf of W
i through x. Then Liy = L
i
x for any y ∈ L
i
x. When
W ij is integrable, denote by Lijx the leaf of W
ij through x. Then Lix, L
j
x ⊂ L
ij
x and for
any y ∈ Lijx ,
Lijx = L
ji
x = L
ji
y = L
ij
y .
Proposition 4.6. When W ij is integrable in Lemma 4.5, the germ of Lijy at y ∈ U
is equal to that of ∪z∈LiyL
j
z and also that of ∪z∈LjyL
i
z .
Proof. Set rk(W i) = r and dimU = n. Let ∆r × ∆n−r be the product of polydiscs
of dimension r and n− r, respectively. Let p : ∆r ×∆n−r → ∆n−r be the projection.
There exists a neighborhood Uy of y biholomorphic to ∆
r × ∆n−r such that Lix =
p−1(p(x)) when we identify Uy with the product of polydiscs. By the requirement that
W ij is a vector subbundle of T (U), p|
L
j
y∩Uy
is a smooth morphism and by shrinking Uy
if necessary, we can assume that p(Ljy ∩ Uy) is a submanifold of dimension rk(W
j)−
rk(W i ∩W j) in ∆n−r. The germ of ∪z∈LiyL
j
z at y is equal to that of the submanifold
p−1(p(Ljy ∩ Uy)) and has dimension
r + dim(p(Ljy ∩ Uy)) = r + rk(W
j)− rk(W i ∩W j) = dim(Lijy ).
Because Liy ⊂ L
ij
y and for each z ∈ L
i
y, L
j
z ⊂ L
ij
z = L
ij
y by Lemma 4.5, we have⋃
z∈Liy
Ljz ⊂ L
ij
y .
Since the germs of both sides at y are smooth and both sides have the same dimension,
their germs at y coincide. 
Definition 4.7. Given a web W = [µ : U → M, ρ : U → K] of submanifolds on a
projective manifold, let Mo ⊂M be the Zariski open subset in Definition 3.6 and let
Uo := µ−1(Mo). Denote by d ≥ 1 the degree of µ. For each point x ∈Mo, there exists
a neighborhood U ⊂Mo of x such that
ρ−1(U) = U1 ∪ U2 ∪ · · · ∪ Ud
is a disjoint union of connected open subsets U i ⊂ U and each µi := µ|U i is a bi-
holomorphic morphism from U i onto U . Let T ρ(U i) ⊂ T (U i) be the vector sub-
bundle given by the relative tangent bundle of the smooth morphism ρ|Uo . Let
W i = dµi(T ρ(U i)) be the corresponding vector subbundle of T (U). We say that
x ∈Mo is a good point with respect to the web W if {W
1, . . . ,W d} defines a regular
web (in the sense of Definition 4.1) in a neighborhood of x. Let Mgood ⊂ Mo be the
subset consisting of good points. By Lemma 4.3, Mgood is a nonempty Zariski open
subset in M . For each point x ∈ Mgood, the regular web {W 1, . . . ,W d} in a neigh-
borhood of x is called the induced regular web (at x). The web W of submanifolds
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is pairwise integrable if the induced regular web at some (hence any by Lemma 4.4)
point x ∈ Mgood is pairwise integrable in the sense of Definition 4.1.
Notation 4.8. In the setting of Definition 4.7, for each pair (i, j) ∈ I×I, recall from
Notation 3.3 that Aiyj ⊂ U is the irreducible component of µ
−1(Aiy) passing through
yj. In particular, A
i
yi
= ρ−1(ρ(yi)). We set
Kiyj := ρ(A
i
yj
), Aijyj := closure of ρ
−1(Kiyj ∩ K
bihol) and Aijy := µ(A
ij
yj
).
All of these are irreducible subvarieties.
Proposition 4.9. In the setting of Definition 4.7, choose a neighborhood x ∈ U ⊂
Mgood and let {W 1, . . . ,W d} be the regular web on U obtained from T ρ(U i). Using
notation of Lemma 4.5 and Notation 4.8, we have the following for any y ∈ U .
(i) Liy is the connected component of A
i
y ∩ U through y.
(ii) If W is pairwise integrable, then Lijy is an irreducible component of A
ij
y ∩ U .
Proof. (i) is immediate from the definition of W i. (ii) is a consequence of (i) and
Proposition 4.6. 
Proposition 4.10. Let W = [µ : U → M, ρ : U → K] be a pairwise integrable
web of submanifolds on a projective manifold M . For a point x ∈ Mgood, choose a
neighborhood x ∈ U ⊂ Mgood equipped with the induced regular web {W 1, . . . ,W d}
on U . Using Notation 4.8, we have the following.
(i) Aiy, A
j
y ⊂ A
ij
y , ρ(A
ij
yj
) = ρ(Aiyj ) and A
ij
yj
is an irreducible component of µ−1(Aijy )
through yj.
(ii) Aijy = A
ji
y .
(iii) If y ∈ Lijx , then A
ij
y = A
ij
x
(iv) If y ∈ Lijx , A
ij
yi
= Aijxi and A
ij
yj
= Aijxj .
Proof. (i) is immediate from the definition in Notation 4.8. (ii) and (iii) follow from
Lemma 4.5 and Proposition 4.9(ii). (iv) follows from (i) and (iii). 
Proposition 4.11. In the setting of Proposition 4.10, let Âijx be the normalization
of Aijx and let
σ : A˜ijx → Â
ij
x → A
ij
x ⊂M
be a desingularization of Aijx which leaves the smooth locus of Â
ij
x intact. For any
y ∈ Lijx , let A˜
i
y and A˜
j
y ⊂ A˜
ij
x be the proper transforms of Aiy and A
j
y, respectively.
Then there exist neighborhoods V iy of A˜
i
y and V
j
y of A˜
j
y in A˜
ij
x equipped with morphisms
υiy : V
i
y → A
ij
yi
∩ ρ−1(Kbihol) and υjy : V
j
y → A
ij
yj
∩ ρ−1(Kbihol)
such that
(1) υiy(A˜
i
y) = A
i
yi
and υjy(A˜
j
y) = Ajyj ;
(2) the four morphisms
σ|Viy : V
i
y →M, σ|Vjy : V
j
y →M, υ
i
y : V
i
y → U and υ
j
y : V
j
y → U
are embeddings;
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(3) the four morphisms
σ|
A˜iy
: A˜iy → A
i
y, σ|˜Ajy
: A˜jy → Ajy, υ
i
y|A˜iy
: A˜iy → A
i
yi
and υjy|˜Ajy
: A˜jy → Ajyj
are biregular;
(4) µ ◦ υiy = σ|Viy and µ ◦ υ
j
y = σ|Vjy , i.e., the following diagrams, and those with i
and j switched, commute.
V iy ⊂ A˜
ij
x A˜iy
↓ υiy ↓ σ ≀ ↓ υ
i
y ց σ
U ⊃ Aijyi
µ
→ Aijy ⊂ M A
i
yi
µ
→ Aiy
Proof. Let Ljyi be the connected component of µ
−1(Ljy) through yi. It is an open
neighborhood of yi in A
j
yi
and shrinking U if necessary, ρ|
L
j
yi
is a smooth morphism
from y ∈ Mgood and the germ of the submanifold ρ(Ljyi) ⊂ K
bihol at ρ(yi) is an
irreducible component of the germ of Kjyi at ρ(yi). Choose a neighborhood Oρ(yi) as
in Definition 3.1 such that ρ(Ljyi) ∩ Oρ(yi) is smooth and denote by [ρ(L
j
yi
) ∩ Oρ(yi)]
its connected component through ρ(yi). Define
V iyi := ρ
−1([ρ(Ljyi) ∩ Oρ(yi)]).
Then µ|Viyi is an embedding into M . Its image lies in A
ij
y and contains an open subset
of Aijy . Thus we have a lifting
µ˜iyi : V
i
yi
→ A˜ijx
which is an embedding satisfying
µ|Viyi = σ ◦ µ˜
i
yi
and µ˜iyi(A
i
yi
) = A˜iy.
Define
V iy := µ˜(V
i
yi
) and υiy := (µ˜
i
yi
)−1.
Define Vjy and υ
j
y in the same way by switching i and j. Then all of (1)-(4) are
immediate from the construction. 
Proposition 4.12. In the setting of Proposition 4.11, the submanifolds A˜ix and A˜
j
x
of A˜ijx belong to the same irreducible component of the Hilbert scheme Hilb(A˜
ij
x ) if
and only if Aijxi = A
ij
xj
.
Proof. Note that from Proposition 4.11 (2), A˜ix and A˜
j
x correspond to smooth points
of the Hilbert scheme Hilb(A˜ijx ). So each of A˜ix and A˜
j
x belongs to a unique irreducible
component of the Hilbert scheme. At these smooth points, the Hilbert scheme has
dimension
dimAijx − dimA
i
x = dimA
ij
x − dimA
j
x = rk(W
ij)− rk(W i ∩W j).
Thus, from Proposition 4.11 (2) and (3), all general deformations of A˜ix and A˜
j
x in
A˜ijx are proper transforms of the µ-images of the fibers of the families
Aijxi ∩ ρ
−1(Kbihol)→ Kjxi ∩ K
bihol and Aijxj ∩ ρ
−1(Kbihol)→ Kixj ∩ K
bihol,
respectively. If Aijxi = A
ij
xj
, then the two families coincide. Thus A˜ix and A˜
j
x belong to
the same irreducible component of the Hilbert scheme Hilb(A˜ijx ).
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On the other hand, if Aijxi 6= A
ij
xj
, from the effectiveness assumption in Definition
3.1 (iii), deformations of Aiy and A
j
y in A
ij
x do not belong to the same irreducible
component of Hilb(Aijx ). By Proposition 4.11 (2) and (3), this implies that A˜
i
x and
A˜jx do not belong to the same irreducible component of Hilb(A˜
ij
x ). 
Proposition 4.13. In the setting of Proposition 4.9, for a general point x ∈Mgood,
the variety Aijx is nonsingular at x for any pair (i, j) ∈ I × I.
Proof. From Proposition 4.9 (ii), it is clear that the subvarieties in M that can be
realized as Aijx form a family of dimension equal to dimM − dimA
ij
x . Thus their
singular loci are contained in a proper subvariety in M . 
Proposition 4.14. In the notation of Definition 3.6 and Notation 4.8, choose x ∈
Mgood general in the sense of Proposition 4.13. Let Sm(Aijx ) be the smooth locus of
Aijx and let Hij ⊂ G be the image of
α ◦ λij : π1(Sm(A
ij
x ) ∩M
et, x)→ SX ,
where the homomorphism
λij : π1(Sm(A
ij
x ) ∩M
et, x)→ π1(M
et, x)
is induced by the inclusion Aijx ⊂ M . Then Hij contains the subgroups Hi and Hj in
Definition 3.6.
Proof. The homomorphism
λoi : π1(A
i
x ∩ Sm(A
ij
x ) ∩M
et, x)→ π1(M
et, x)
induced by the inclusion Aix ⊂M factors through λij . Thus Hij contains the images
of α ◦ λoi .
Denote by θi the homomorphism
θi : π1(A
i
x ∩ Sm(A
ij
x ) ∩M
et, x)→ π1(A
i
x ∩M
et, x)
induced by the obvious inclusion. Then λoi = λi ◦ θi. The complement
(Aix ∩M
et) \ (Aix ∩ Sm(A
ij
x ) ∩M
et)
is a proper subvariety in the nonsingular irreducible variety Aix ∩M
et from Aix ⊂ A
ij
x
of Proposition 4.10. Thus θi must be surjective.
It follows that Hij contains the image of α ◦λi i.e., Hi. By the same reasoning, Hij
contains Hj , too. 
Proposition 4.15. In the setting of Proposition 4.14, if Aijxi 6= A
ij
xj
, then xi and xj
are not in the same Hij-orbit in X = µ
−1(x).
Proof. Since Aijx is smooth at x, for each xk ∈ X , there exists a unique irreducible
component of µ−1(Aijx ) containing xk. Thus the assumption A
ij
xi
6= Aijxj implies X ∩
Aijxi 6= X ∩ A
ij
xj
. To prove the proposition, it suffices to show that X ∩ Aijxi (resp.
X ∩Aijxj ) is the Hij-orbit of xi (resp. xj).
From Proposition 4.10 (i), Aijxi is the irreducible component of µ
−1(Aijx ) through
xi. Thus
Aijxi ∩ µ
−1(Sm(Aijx ) ∩M
et)
is precisely the connected component of µ−1(Sm(Aijx )∩M
et) containing xi. Then the
Hij-orbit of xi is
X ∩ Aijxi ∩ µ
−1(Sm(Aijx ) ∩M
et) = X ∩ Aijxi
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because X = µ−1(x) ⊂ µ−1(Sm(Aijx )∩M
et) by our choice of x. In the same way, the
Hij-orbit of xj is X ∩Aijxj . 
5. Pairwise integrable webs of tori
The goal of this section is to prove Proposition 5.10 about pairwise integrable
webs of tori on projective manifolds. Its proof requires some standard results on
deformations of submanifolds with trivial normal bundles. We start by recalling
them.
Definition 5.1. A submanifold A of a projective manifold Z is unobstructed if the
Hilbert scheme Hilb(Z) of Z is smooth at [A] ∈ Hilb(Z), the point corresponding to
A. In this case, denote by Hilb(Z)A the (unique) irreducible component of Hilb(Z)
containing [A], by ξA : Univ(Z)A → Hilb(Z)A the universal family and by ηA :
Univ(Z)A → Z the evaluation morphism.
Proposition 5.2. For an unobstructed submanifold A with trivial normal bundle in
a projective manifold Z, denote by Hilb(Z)oA ⊂ Hilb(Z)A the open subset consisting of
points parametrizing unobstructed submanifolds with trivial normal bundles. Denote
by ξoA : Univ(Z)
o
A → Hilb(Z)
o
A and η
o
A : Univ(Z)
o
A → Z, the restrictions of ξA and
ηA, respectively. Then ξ
o
A is a smooth projective morphism and η
o
A is unramified. If
furthermore ηA is birational, then η
o
A is biregular to its image which is a Zariski open
subset in Z.
Proof. Since all members of Hilb(Z)oA are smooth, ξ
o
A is a smooth projective mor-
phism. The evaluation morphism ηoA is unramified by the triviality of the normal
bundles of members of Hilb(Z)oA. If ηA is birational, the unramified morphism η
o
A
must be biregular over its image. 
Remark 5.3. Proposition 5.2 implies that an unobstructed submanifold with trivial
normal bundle is a member of a web of submanifolds. Conversely, a member of a web
of submanifolds is an unobstructed submanifold with trivial normal bundle. Thus
one can replace Definition 3.1 by Proposition 5.2 and develop all the theory starting
from there. But we prefer Definition 3.1, because it is more geometrically appealing
(to us) and also the approach via Hilbert scheme plays a rather restricted role in this
paper; it is used essentially only in this section.
Proposition 5.4. Assume that A in Proposition 5.2 is biregular to a complex torus.
Suppose there exists a subtorus S ⊂ A such that deformations of S in Z cover an
open subset in Z. Then we have the following.
(i) There exists an open neighborhood U ⊂ Z of A equipped with a smooth
projective morphism f : U → ∆n over a polydisc ∆n of dimension n =
dimZ − dimA, such that fibers of f give deformations of A in U .
(ii) There exists a smooth projective morphism ζ : U → U ′ over a complex mani-
fold U ′ whose fibers are deformations of S. Thus S is unobstructed with trivial
normal bundle in Z and ζ induces a natural embedding of U ′ into Hilb(Z)oS,
realizing U ′ as an open neighborhood of [S] ∈ Hilb(Z)oS.
(iii) There exists a smooth projective morphism f ′ : U ′ → ∆n with f = f ′ ◦ ζ such
that the fibers of f ′ are the quotient tori of deformations of A by deformations
of S.
Proof. By Proposition 5.2, we can choose a polydisc neighborhood ∆n ⊂ Hilb(Z)oA
of [A] such that setting U1 := ξ−1A (∆
n), the morphism ηA|U1 is biholomorphic to its
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image U := ηA(U
1) ⊂ Z. Then we have f : U → ∆n satisfying
ξA|U1 = f ◦ ηA|U1.
Since ∆n contains no positive-dimensional compact subvariety, all deformations of
S in U are contained in fibers of f . By shrinking U , we can assume that there
exists a section Σ ⊂ U of f which intersects S and is contained in the locus of
deformations of S. This makes f : U → ∆n into a holomorphic family of complex
torus groups (analytic abelian scheme over ∆n) equipped with a family of subtori.
Let f ′ : U ′ → ∆n be the family of quotient groups with ζ : U → U ′ the quotient
morphism. Then U ′, f ′ and ζ have the required properties. 
Proposition 5.5. In the setting of Proposition 5.4, assume that ηS : Univ(Z)S → Z
is birational. Then we have the following.
(a) There exists a Zariski open subset Zo ⊂ Z with a smooth projective morphism
ζ : Zo →Mo to a smooth variety Mo whose fibers are deformations of S.
(b) For a general member [At] ∈ Hilb(Z)oA, there exists [S
t] ∈ Hilb(Z)oS such that
St ⊂ At is a subtorus.
(c) At in (b) lies in Zo and ζ(At) ⊂ Mo is an unobstructed torus with trivial
normal bundle, biregular to the quotient torus At/St.
Proof. By Proposition 5.2 applied to S in place of A, we obtain a Zariski open subset
Zo ⊂ Z as the image of ηoS and a morphism ζ : Z
o → Mo over a smooth variety
Mo ∼= Hilb(Z)oS, proving (a).
Since deformations of S cover an open subset in Z, Proposition 5.4 shows that a
general deformation of A contains a deformation of S as a subtorus. This proves (b).
To see (c), apply Proposition 5.4 in a neighborhood of At containing St. All
translates of St inside At are elements of Hilb(Z)oS, implying A
t ⊂ Zo. That ζ(At)
is unobstructed and has trivial normal bundle is immediate from Proposition 5.4
(iii). 
Proposition 5.6. Let A be an unobstructed submanifold in a projective manifold Z
with trivial normal bundle such that dimZ = 2dimA. For any [A′] ⊂ Hilb(Z)oA, the
intersection A ∩ A′ has no isolated point.
Proof. From dimZ = 2dimA, the intersection number A·A′ is well-defined and equal
to A · A. Since a small deformation of A is disjoint from A by the triviality of the
normal bundle, we have A · A′ = 0.
Suppose that A∩A′ has an isolated point z. Regard A ·A′ as an intersection cycle
in the sense of [Fu]. The isolated intersection point z gives a positive contribution
to A · A′. The contribution from the other components of A ∩ A′ is non-negative by
Theorem 12.2 of [Fu] because the normal bundle of A is trivial. This gives A ·A′ > 0,
a contradiction. 
Proposition 5.7. Let A1, A2 be two unobstructed tori with trivial normal bundles in a
projective manifold Z. Assume that a connected component S of A1∩A2 is a subtorus
both in A1 and in A2, with dimZ = dimA1 + dimA2 − dimS. Assume furthermore
that S is unobstructed with trivial normal bundle in Z and ηS : Univ(Z)S → Z is
birational. Then Hilb(Z)A1 6= Hilb(Z)A2.
Proof. Applying Proposition 5.5 to S ⊂ Z with A = A1 (resp. A = A2), we see
that ζ(A1) (resp. ζ(A2)) is an unobstructed torus with trivial normal bundle in a
projective manifold M compactifying Mo. Since S is a component of A1 ∩ A2, we
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see that ζ(A1) ∩ ζ(A2) has an isolated point ζ(S). If Hilb(Z)A1 = Hilb(Z)A2, then
dimA1 = dimA2 and ζ(A2) is a member of Hilb(M)ζ(A1). From the assumption
dimZ = dimA1 + dimA2 − dimS, we have
dimM = dimZ − dimS = 2(dimA1 − dimS) = 2 dim ζ(A1) = 2 dim ζ(A2).
Applying Proposition 5.6 with A := ζ(A1) and A′ := ζ(A2), we have a contradiction.

We will skip the proof of the following elementary lemma.
Lemma 5.8. A closed submanifold of a complex torus with trivial normal bundle is
a subtorus.
Proposition 5.9. Let Z be a projective manifold and let A1, A2 ⊂ Z be two distinct
tori with A1 ∩ A2 6= ∅. Assume that there exist open neighborhoods A1 ⊂ V1 and
A2 ⊂ V2 equipped with smooth projective morphisms
ρ1 : V1 → ∆
dimZ−dimA1 and ρ2 : V2 → ∆
dimZ−dimA2
such that A1 = ρ
−1
1 (0) and A2 = ρ
−1
2 (0). Then for a general point u ∈ V1 ∩ V2, the
connected component Su of
ρ−11 (ρ1(u)) ∩ ρ
−1
2 (ρ2(u))
with u ∈ Su is a subtorus both in ρ
−1
1 (ρ1(u)) and in ρ
−1
2 (ρ2(u)). Furthermore, this Su
is unobstructed with trivial normal bundle in Z.
Proof. For each t ∈ ∆dimZ−dimA
2
, ρ−12 (t) ∩ V1 is a closed subvariety of V1. General
fibers of the proper morphism ρ1|ρ−1
2
(t)∩V1
are unions of submanifolds with trivial nor-
mal bundles in the torus ρ−12 (t). Thus they must be subtori of ρ
−1
2 (t) by Lemma 5.8.
It follows that for general u ∈ V1 ∩ V2, Su must be a subtorus of ρ
−1
2 (ρ2(u)), and by
the same reasoning, also a subtorus in ρ−11 (ρ1(u)). By the generality of u, deforma-
tions of Su cover an open subset in Z. Applying Proposition 5.4 with S = Su and
A = ρ−11 (ρ1(u)), we see that S is unobstructed with trivial normal bundle in Z. 
The next proposition is the main result of this section.
Proposition 5.10. Let W be a pairwise integrable web on a projective manifold M
whose members are tori. Fix a general point x ∈ Mgood and choose a neighborhood
U ⊂ Mgood as in Definition 4.7. Since Aijx is smooth at x by Proposition 4.13, we
may assume by shrinking U that
σ|σ−1(U) : σ
−1(U)→ U ∩Aijx
is biholomorphic. Using the notation of Proposition 4.11 and shrinking U further if
necessary, we have the following.
(i) For any y ∈ U ∩ Aijx , the component S
ij
y of A˜
i
y ∩ A˜
j
y through σ−1(y) is unob-
structed with trivial normal bundle in A˜ijx and is a subtorus both in A˜ix and
A˜jx.
(ii) The germ of Sijy at y is sent by σ to that of the leaf of W
i ∩W j through y.
(iii) Small deformations of Sijy in A˜
ij
x are realized by Sijz for z ∈ U ∩ A
ij
x .
(iv) If η
S
ij
x
: Univ(A˜ijx )Sijx → A˜
ij
x is birational, then Aijxi 6= A
ij
xj
.
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Proof. (i) is a direct consequences of Proposition 4.11 and Proposition 5.9. (ii) is
immediate from Proposition 4.9 (i).
For (iii), note that for z ∈ U ∩ Aijx with sufficiently small U , the submanifold
Sijz is a deformation of S
ij
y and the family {S
ij
z , z ∈ U ∩ A
ij
x } covers an open set
in σ−1(U). Since Sijy has trivial normal bundle in A˜
ij
x , this implies that the family
{Sijz , z ∈ U ∩A
ij
x } corresponds to an open neighborhood of [S
ij
y ] in Hilb(A˜
ij
x ), proving
(iii).
To prove (iv), set
Z = A˜ijx , A
1 := A˜ix and A
2 := A˜jx.
From (ii) we have dimZ = dimA1 + dimA2 − dimS. Applying Proposition 5.7, we
have Hilb(Z)A1 6= Hilb(Z)A2 . Thus A
ij
xi
6= Aijxj by Proposition 4.12. 
6. Webs of Lagrangian tori
Definition 6.1. An even-dimensional vector space V equipped with a non-degenerate
form ω ∈ ∧2V ∗ is a symplectic vector space. Given a subspace W ⊂ V , define
W⊥ := {v ∈ V, ω(v, w) = 0 for all w ∈ W}.
A subspaceW ⊂ V is Lagrangian ifW = W⊥. IfW is Lagrangian, 2 dimW = dimV .
We will skip the proof of the following elementary lemma.
Lemma 6.2. Given a symplectic vector space (V, ω) and two Lagrangian subspaces
W 1,W 2 ⊂ V ,
W 1 ∩W 2 = (W 1 +W 2)⊥ ⊂W 1 +W 2.
Definition 6.3. Let M be a complex manifold. A symplectic form on M is a closed
holomorphic 2-form ω onM such that for each x ∈M , the tangent space (Tx(M), ωx)
is a symplectic vector space. The pair (M,ω) is called a symplectic manifold. A
submanifold A of a symplectic manifold (M,ω) is Lagrangian if for each x ∈ A,
Tx(A) is a Lagrangian subspace of Tx(M). A Lagrangian submanifold is a Lagrangian
torus if it is biholomorphic to a complex torus. A flat morphism with connected fibers
f : M → B from a symplectic manifoldM onto a complex manifold B is a Lagrangian
fibration if each general fiber is a Lagrangian submanifold.
The next lemma is standard: see, e.g., p.220 of [GS].
Lemma 6.4. The cotangent bundle T ∗(B) of a complex manifold B has a canon-
ical holomorphic symplectic form ωst on it. When n = dimB, a holomorphic co-
ordinate system (q1, . . . , qn) on a coordinate neighborhood U ⊂ B and the asso-
ciated functions pi on T ∗(U) given by ∂
∂qi
define a holomorphic coordinate system
(p1, . . . , pn, q1, . . . , qn) on T ∗(U) such that
ωst|T ∗(U) = dp
1 ∧ dq1 + · · ·+ dpn ∧ dqn.
With respect to ωst, the natural projection π : T
∗(B) → B is a Lagrangian fibration
and a section Σ ⊂ T ∗(B) of π is a Lagrangian submanifold if and only if it is d-closed
when regarded as a 1-form on B.
The following is a holomorphic version of the action-angle variables for completely
integrable Hamiltonian systems, Theorem 44.2 in [GS]. It is a reformulation of Propo-
sition 3.5 in [Hw], and its proof will be skipped.
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Proposition 6.5. Let (N, ω) be a symplectic manifold and f : (N, ω) → B be a
proper Lagrangian fibration such that each fiber is a complex torus and there exists a
Lagrangian section Σ ⊂ N . Then there exists an unramified surjective holomorphic
map χ : T ∗(B)→ N with π = f ◦ χ such that
(i) for each b ∈ B, χb : T ∗b (B)→ f
−1(b) is the universal covering of the complex
torus with χb(0) = Σ ∩ f−1(b),
(ii) in the notation of Lemma 6.4, ωst = χ
∗ω, and, consequently,
(iii) each component of χ−1(Σ) is a Lagrangian submanifold in T ∗(B), locally defin-
ing a closed 1-form on B.
Proposition 6.6. In the setting of Proposition 6.5, let O ⊂ N be a connected open
subset equipped with a smooth Lagrangian fibration ψ : O → Q, different from f |U .
For each x ∈ U, consider the subspace Dx ⊂ Tx(U) defined by
Dx := Tx(f
−1(f(x))) + Tx(ψ
−1(ψ(x))).
By shrinking O if necessary, we may assume that {Dx, x ∈ O} defines a vector
subbundle D ⊂ T (O). If for each x ∈ O, f−1(f(x))∩ ψ−1(ψ(x)) is an open subset in
a subtorus of f−1(f(x)), then D is integrable.
Proof. At each point x ∈ O, define Fx ⊂ Tx(O) by
Fx := Tx(f
−1(f(x))) ∩ Tx(ψ
−1(ψ(x))).
By shrinking O if necessary, F ⊂ T (O) defines a foliation on O, whose leaves are open
subsets of subtori in the fibers of f . After shrinking B, if necessary, we can extend
F via translations in the fibers of f to a foliation on N whose leaves are subtori of
the fibers of f . Let S ⊂ N be the collection of these subtori intersecting Σ such that
f |S : S → B is a family of subtori with a section Σ ⊂ S and leaves of F are just
translates of fibers of f |S (as in Proposition 5.4).
By Proposition 6.5 and shrinking B further, we have χ : T ∗(B) → N such that
χ−1(Σ) is a union of Lagrangian sections of T ∗(B) → B. The component of χ−1(S)
containing the zero-section of T ∗(B) is a vector subbundle F ⊂ T ∗(B) such that
χ|Fb : Fb → Sb := f
−1(b) ∩ S
is the universal cover of the subtorus Sb for each b ∈ B.
Set n = dimB and r = rk(F ). We can find a set {Σ1, . . . ,Σn} of components of
χ−1(Σ) forming a frame for the vector bundle T ∗(B) such that the subset {Σ1, . . . ,Σr}
forms a frame for the subbundle F ⊂ T ∗(B). Using Lemma 6.4 and shrinking B
further, we have holomorphic functions q1, . . . , qn on B such that the closed 1-forms
dq1, . . . , dqn represent Σ1, . . . ,Σn ⊂ T ∗(B). Then in terms of the coordinates
(p1 =
∂
∂q1
, . . . , pn =
∂
∂qn
, q1, . . . , qn)
on T ∗(B) of Lemma 6.4, the foliation χ−1F induced by F on T ∗(B) is given by the
translates of the span of ∂
∂p1
, . . . , ∂
∂pr
. Since the distribution D coincides with F⊥
by Lemma 6.2, the pull-back distribution χ−1D on T ∗(B) is given by the translates
of the span of
∂
∂p1
, . . . ,
∂
∂pn
,
∂
∂qn−r
, . . . ,
∂
∂qn
.
Thus χ−1D is integrable and so is D. 
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Definition 6.7. Let M be a projective symplectic manifold, i.e., a projective mani-
fold equipped with a holomorphic symplectic form. A web of submanifold W on M
is called a web of Lagrangian tori if its members are Lagrangian tori in M .
Proposition 6.8. A web of Lagrangian tori is pairwise integrable.
Proof. Let W = [µ : U → M, ρ : U → K] be a web of Lagrangian tori on a projective
symplectic manifold (M,ω). The open set N := ρ−1(Kbihol) is a symplectic manifold
equipped with the symplectic form (µ|N)∗ω and ρ|N : N → Kbihol is a Lagrangian
fibration. We choose U ⊂ Mgood and U i ⊂ N as in Definition 4.7. Let ρi := ρ|U i. By
the natural biholomorphic map (µ1)−1 ◦µi : U i → U1, we can regard ρi as defined on
U1. Then
f = ρ|N , ψ := ρ
i, B := Kbihol, D := W 1i and O := U1
satisfy the assumption of Proposition 6.6 by Proposition 5.10 (i). Thus Proposi-
tion 6.6 implies thatW 1i is integrable. By the same reasoning, we get the integrability
of W ij for all pairs (i, j). Thus W is pairwise integrable. 
Proposition 6.9. In the setting of Proposition 6.8, use the notation of Proposition
5.10. For a general point x ∈ Mgood, we have Z := A˜ijx and S := Sijx ⊂ Z, an
unobstructed torus with trivial normal bundle in Z which is the connected component
of A˜ix ∩ A˜
j
x containing σ−1(x). Then ηS : Univ(Z)S → Z is birational.
Proof. We claim that there exists a non-empty Zariski open subset Z ⊂ Z and a
vector subbundle N ⊂ T (Z) such that small deformations of S in Z intersecting Z
are tangent to N with rk(N ) = dimS. This implies that ηS is birational.
To prove the claim, define the null subspace at a smooth point y ∈ Aijx by
Nullij(ω)y := {v ∈ Ty(A
ij
x ), ω(v, Ty(A
ij
x )) = 0} = Ty(A
ij
x )
⊥ ∩ Ty(A
ij
x ).
On a Zariski open subset A ⊂ Sm(Aijx ), this defines a vector subbundle Null
ij(ω)|A ⊂
T (A). Using the desingularization σ : Z → Aijx , define
Z := σ−1(A) ∼= A and N := dσ−1(Nullij(ω)|A) ⊂ T (Z).
When {W i, i ∈ I} is the regular web induced by W in a neighborhood U of x,
Lemma 6.2 gives, for a point y ∈ A ∩ U ,
W iy ∩W
j
y = (W
ij
y )
⊥ ∩W ijy = Ty(A
ij
x )
⊥ ∩ Ty(A
ij
x ) = Null
ij(ω)y
because the germ of A is that of a leaf of W ij by Proposition 4.9 (ii). Since the
germs of deformations of S in Z correspond to those of leaves of W i ∩ W j|A by
Proposition 5.10 (ii) and (iii), we see that deformations of S are tangent to N with
rk(N ) = dimS, proving the claim. 
Now we are ready to complete the proof of Theorem 1.1.
Proof of Theorem 1.1. It is well-known that a Lagrangian torus A ⊂ M is unob-
structed with trivial normal bundle (e.g. by Theorem 8.7 in [DM]). Thus we have
ξoA : Univ(M)
o
A → Hilb(M)
o
A and η
o
A : Univ(M)
o
A → M in Proposition 5.2. By choos-
ing suitable projective manifolds compactifying Univ(M)oA and Hilb(M)
o
A, we obtain
a web of Lagrangian tori W = [µ : U →M, ρ : U → K] which has A as a member.
Using the notation of Definition 3.6, suppose that the group H ⊂ G generated by
H1, . . . , Hd acts intransitively on X . Then by Proposition 3.9, we have a factorization
of µ : U → M via a generically finite morphism µ′ : U ′ → M which is not birational
and splits over a general member of W. Since M is simply connected, the branch
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divisor D ⊂M of µ′ is a non-empty hypersurface. By Proposition 3.10, D is disjoint
from a general member of W and we are done.
Thus we may assume that H acts transitively on X . We claim that (X,G,H) with
H = H1 is a special triple in the sense of Definition 2.3. From Proposition 3.7, H is
a normal subgroup of the isotropy subgroup G1 of x1 ∈ X and Hi = Hxi = giHg
−1
i
when xi = gi · x1. In terms of Definition 2.3, 〈X〉 = H. Thus our assumption
that H acts transitively on X is exactly Definition 2.3 (1). The web W is pairwise
integrable by Proposition 6.8. For a general point x and any pair xi 6= xj of points on
X = µ−1(x), we have the torus S in Z = A˜ijx with ηS birational by Proposition 6.9.
This implies Aijxi 6= A
ij
xj
by Proposition 5.10. Applying Proposition 4.15, we see that
xi 6= xj do not belong to the same Hij-orbit in X . Since Hi, Hj ⊂ Hij by Proposition
4.14, xi and xj do not belong to the same 〈xi, xj〉-orbit. This is the condition (2) of
Definition 2.3. Thus the triple (X,G,H1) is a special triple.
By Theorem 2.4, we see that d = 1, i.e., µ is birational. By taking a general ample
hypersurface D′ ⊂ K and letting D = µ(ρ−1(D′)), we see that A is disjoint from D.

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